Abstract. For the sequence:c(1) = 2 and for n ≥ 2,
Introduction
In [2] we posed, in particular, the following conjecture Conjecture 1. Letc(1) = 2 and for n ≥ 2, c(n) =c(n − 1) + gcd(n,c(n − 1)), if n is odd gcd(n − 2,c(n − 1)), if n is even.
Then every record (more than 3) of the values of differencec(n) −c(n − 1) is greater of twin primes.
The first records are (cf. sequence A167495 in [5] We use the same way as in our paper [4] which is devoted to study a sequence dual to the now considered one. Our observations of the behavior of sequence {c(n)} are the following:
1) In some sequence of arguments {m i } we havec . These increments we call the main increments of sequence {c(n)}, while other nontrivial (i.e.more than 1) increments we call the minor increments. 5)For i ≥ 2, denote h i the number of minor increments between adjacent fundamental points m i and m i+1 and T i the sum of these increments. Then T i ≡ h i (mod 6). 6) For i ≥ 2, the minor increments between adjacent fundamental points m i and m i+1 could occur only before m i+1 − 2(m i+1 − 1) − 2.
Below we show that the validity of all these observations follow only from 6). Corollary 1. If 1) observation 6) is true and 2) the sequence {c(n)} contains infinitely many fundamental points, then there exist infinitely many twin primes.
Besides, in connection with Conjecture 1 we think that Conjecture 2. For n ≥ 16, the main and only main increments are the record differencesc(n) −c(n − 1).
Proof of Theorem 1
We use induction. Suppose n 1 ≥ 28 is a number of the form 12l+4 (for n 1 < 28 the all observations are verified directly). Let n 1 −1 is a fundamental point and for n :=
, n ∓ 1 are twin primes. Thus
Since n 1 is even and
then we have a main increment such that
Here we distinguish two cases:
A ) Up to the following fundamental point there are only trivial increments. The inductive step in this case we formulate as the following.
Theorem 2. If 27 ≤ m i < m i+1 are adjacent fundamental points without miner increments between them, then i) m i+1 = 2m i − 3; ii) If
are twin primes, then
are twin primes as well.
Note that really, for the first time, Case A ) appears for m 3 = 63, such that, by Theorem 2, we have two pairs of twin primes: (29,31), (59,61).
Inductive step in case A ) Continuing (2.1), we havec Note that, since n 1 = 12l + 4, then n 2 = 12l 1 + 4, where l 1 = 2l.
Furthermore, from the run of formulas (2.2) we find for 3 ≤ j ≤
This means that
Note that, for the considered values of n 1 we have
is prime. On the other hand,c
Here, for the considered values of n 1 we also have 2n
is prime.
B ) Up to the following fundamental point we have some minor increments.
The inductive step we formulate as following.
Theorem 3. Let observation 6) be true. If 7 ≤ m i < m i+1 are adjacent fundamental points with a finite number of minor increments between them,
Thus the observation 2) will be proved in frameworks of the induction.
Inductive step in case B ) Let in the points n 1 + l j j = 1, ..., h, before the second fundamental point we have the minor increments t j , j = 1, ..., h. We have ( starting with the first fundamental point n 1 − 1)
...
where (2.7)
It is easy to see that 2n 1 + 2T h − 2h − 5 is the second fundamental point in the inductive step. Furthermore, subtracting 2 from the even number 2n 1 + 2T h − 2h − 4, we see that
Thus in the point n 2 := 2n 1 +2T h −2h−4 we have the second main increment (in framework of the inductive step):
Note that, for n ≥ 2, we havec(n) ≡ n (mod 2). Therefore, T h ≥ 3h and for the second fundamental point n 2 − 1 = 2n 1 + 2T h − 2h − 5 we find (2.9)
This in frameworks of the induction confirms observation 2). Now, in order to finish the induction, we prove the primality of numbers
(we cannot cross the upper boundary of the last miner increment) we find
Thus, for 7 ≤ j ≤
For the most possible j =
(it is sufficient to consider the case of odd l h ) we should have
(2.10)
Since n 2 ≥ 28, then this condition, evidently, follows from observation 6) which is written in terms of the fundamental points m i = n i − 1. Thus from observation 6) we indeed obtain the primality of
Thus, for 6 ≤ j ≤
(here again sufficiently to consider the case of odd l h ) we should have
This coincides with observation 6). Thus
is prime as well. This completes proof of Theorem 1
Note that in [4] we used the Rowland method [1] to obtain an independent from observation 6) proof of the primality of the greater number. Here we give a parallel proofs for both of numbers. Proof. The corollary easily follows from (2.9).
Corollary 3.
T h ≡ h (mod 6).
Proof. The corollary follows from the well known fact that the half-sum of twin primes not less than 5 is a multiple of 6. Therefore, n 1 +T h −h−4 ≡ 0 (mod 6). Since, by the condition, n 1 ≡ 4 (mod 12), then we obtain the corollary. Now the observation 5) follows in the frameworks of the induction. The same we can say about observation 4). The observed weak excesses of the exact estimate of Corollary 2 indicate to the smallness of T h and confirm, by Theorem 1, Conjecture 1.
3.
A rule for constructing a pair of twin primes p, p + 2 by a given integer m ≥ 4 such that p + 2 ≥ m One can consider a simple rule for constructing a pair of twin primes p, p + 2 by a given integer m ≥ 4 such that p + 2 ≥ m quite similar to one over sequence {c(n)} (see Section 6 in [4] ). To this aim, with m we associate the sequencec
Thus for every m this sequence has the the same formula that the considered one but with another initial condition. Our observation is the following.
Conjecture 3. Let n * , where n * = n * (m), be point of the last nontrivial increment of {c (m) (n)} on the set A m = {1, ..., m − 3} and n * = 1, if there is not any nontrivial increment on A m . Then numbersc (m) (n * ) − n * ∓ 1 are twin primes.
Evidently, c (m) (n * ) − n * + 1 ≥ m and the equality holds if and only if n * = 1.
The following examples show that, for the same m, the pair of twin primes which is obtained by the considered rule, generally speaking, differs from one which is obtained by the corresponding rule in [4] . The case of n * = 1 we formulate as the following criterion, which is proved quite similar to Criterion 1 [4] . 
A new sequence and an astonishing observation
Consider the sequence which is defined by the recursion:
f (1) = 2 and, f or n ≥ 2,
Here the even points m i = 8 in which f (m i )/m i = 3/2 we call the fundamental points. The increments
in the points n i = m i + 2 are called main increments and other nontrivial (i.e. different from 1) increments we call miner increments. This sequence also could be studied by method of [4] . It is easy to verify that the nontrivial increments of this sequence differs from ones of the above considered sequence {c(n)}. But, our observations show that a very astonishing fact,probably, is true: all records more than 7 for sequences {c(n)} and {f (n)} coincide! We think that it is a deep open problem.
Some other new sequences connected with twin primes
Here we present three additional new sequences of the considered type, the records of which are undoubtedly connected with twin primes. 1) g(1) = 2 and, f or n ≥ 2,
2) h(1) = 2 and, f or n ≥ 2,
, if n is even gcd(n, h(n − 1) + 2), if n is odd.
3) i(1) = 2 and, f or n ≥ 2,
Note that, all records of the second sequence are, probably, the firsts of twin primes.
6. A theorem on twin primes which is independent on observation of type 6)
Here we present a new sequence {ã(n)} with the quite analogous definition of fundamental and miner points for which Corollary 1 is true in a stronger formulation. Using a construction close to those ones that we considered in [3] , consider the sequence defined as the following:ã(22) = 40 and for n ≥ 23,
The sequence has the following first nontrivial differences 19, 6, 2, 43, ... (m i −3). The increments in the points m i + 1 we call the main increments. Other nontrivial increments we call miner increments.
The first two fundamental points of sequence (6.1) are 39 and 87. Proof. We use induction. Suppose, for some i ≥ 1, the numbers m i −3 2 ∓1 are twin primes. Put n i = m i + 1. Then n i ≡ 4 (mod 12) and we havẽ
We see that the main increment is
. By the condition, before m i+1 we can have only a finite set if miner increments. Suppose that, they are in the points n i + l j , j = 1, ..., h i . Then, by (6.1), we havẽ a(n i + 1) = 2n i − 3, ...
Note that, in every step from (6.2) up to (6.3) we add 1 simultaneously to values of the arguments and of the right hand sides. Thus in the fundamental point m i+1 = n i+1 − 1 we have
Now we should prove that the numbers
are twin primes. We haveã
where 0 ≤ t ≤ n i + l h − 7. Distinguish two case. 1) Let l h be even. Then, for even values of t the numbers n i + l h + t + 1 are odd and from equalities (6.6) we have gcd(n i + l h + t + 1, 2n i + 2l h − 4 + t) = 1.
or gcd(n i + l h + t + 1, n i + l h − 2 + t/2) = 1 and gcd(t/2 + 3,
Thus n i + l h − 5 is prime. On the other hand, for odd values of t, taking into account that n i +l h +t+1 is even, from equalities (6.6) we have
Thus n i + l h − 3 is prime as well and the numbers n i + l h − 5, n i + l h − 3 are indeed twin primes.
2) Let l h be odd. Then, using again equalities (6.6), by the same way, we show that the numbers n i + l h − 5, n i + l h − 3 are twin primes.
Besides, note that n i + l h − 4 ≡ 0 (mod 6) and, thus m i+1 = n i+1 − 1 = 2n i + 2l h − 5 ≡ 3 (mod 12). This completes the induction.
Algorithm without trivial increments
Sequences of the considered type in this paper and in [4] contain too many points of trivial 1-increments. For example, 10000 terms of sequence {ã(n)} give only 8 pairs of twin primes. Therefore, the following problem is actual from the computation point of view just as from the research point of view : to accelerate this algorithm for receiving of twin primes by the omitting of the trivial increments. Below we solve this problem. Lemma 1. If sequence {ã(n)} has a miner increment ∆ in even point, then ∆ is prime.
Proof. Let even N be a point of a miner increment and M = N − k be a point of the previous nontrivial increment. We distinguish two cases: M is even and M is odd. a)Let M be even. Then we havẽ
where k is the least positive integer for which the point M + k is the point of a nontrivial increment. We see that ∆ = ∆(N) = k + 1.
Since in this case k is even, then
Thus some prime divisor P of M − 3 divides k + 1 and, therefore, k + 1 ≥ P.
All the more,
where p is the least prime divisor of M − 3. Since in the considered case M − 3 is odd, then p is odd. But, since p − 2 ≤ k − 1, then in the run of formulas (7.1) there is the following
Nevertheless, the following value of argument is M + p − 1 ≡ 0 (mod 2) and both of the numbers M + p − 3 and 2M + p − 6 are multiple of p. This means that k ≤ p − 1, such that we have
2) M is odd. This case is considered quite analogously. Note that here p ≥ 2.
Lemma 2. Let sequence {ã(n)} have a miner increment ∆ in odd point. If the sequence has the previous nontrivial increment in even point, then ∆ is even such that (∆ + 4)/2 is prime.
Proof. Let odd N be a point of a miner increment and M = N − k ≡ 0 (mod 2) be a point of the previous nontrivial increment. Then we again have the run of formulas (7.1). Since here k is odd, then
Thus some prime divisor P of M − 5 divides (k + 5)/2 and, therefore, k + 5 ≥ 2P. All the more,
where p is the least prime divisor of M − 5. Since in the considered case M − 5 is odd, then p is odd. But in the run of formulas (7.1) there is the followingã (M + 2p − 6) = 2M + 2p − 10.
Nevertheless, the following value of argument is M + 2p − 5 ≡ 0 (mod 1) and both of the numbers M + 2p − 5 and 2M + 2p − 10 are multiple of p. This means that k ≤ 2p − 5, such that we have
Quite analogously we obtain the following lemma.
Lemma 3. Let sequence {ã(n)} have a miner increment ∆ in odd point. If the sequence has the previous nontrivial increment in odd point, then ∆ is odd such that ∆ + 4 is prime.
Remark 1.
A little below we shall see that actually for nontrivial increments the conditions of Lemma 3 do not appear. But the proof of Lemma 3 plays its role! Note now that in proofs of Lemmas 1-3 p is always the least prime divisor of M − 5 or M − 3, where M is point of the "previous nontrivial increment," we obtain the following algorithm for the receiving of twin primes.
Theorem 5. 1) Let n m be point of the m-th main increment of sequence {ã(n)} and P m be the least prime divisor of the product (n m − 5)(n m − 3). Then the first point N 1 of miner increment is
2)Let N i be a point of a miner increment of sequence {ã(n)} and p i be the least prime divisor of the product (N i − 5)(N i − 3). If N i does not complete the run of points of the miner increments after n m , then the following point of miner increment is
3)If the point N h completes the run of points of miner increments after n m , then the following point of main increment is
Note that (7.4) corresponds to (6.5).
Corollary 4. Conditions of Lemma 3 never satisfy.
Proof. From (7.3) we conclude that after every odd point of miner increment follows even point of miner increment.
Remark 2. In connection with Theorem 5 it is interesting to consider a close processes of receiving of twin primes. Let a be odd integer (positive or negative) and N i be even. Let p i be the least prime divisor of the product
One can conjecture that for some j ≥ i, the numbers N j − a − 2, N j − a will be twin primes. An important shortcoming of such process from the calculating point of view is the impossibility to use the formal algorithms for computation of the gcd . Corollary 5. There exists the last point n T of a main increment of the sequence {ã(n)}.
Lemma 4. If Condition 1 satisfies, then the set of the points righter n T of nontrivial (miner) increments is infinite.
Proof. Suppose that there exists the last point n = ν of a nontrivial increment, i.e. the set of points of miner the increments is not more than finite. Since we haveã (ν) = 2ν − 4, then for every positive integer x, we find
In particular, for x = ν − 5, a(2ν − 5) = 3ν − 9.
But now the following point 2ν−4 is a point of nontrivial increment. Indeed, gcd(2ν − 6, 3ν − 9) = ν − 3. Since, evidently, 2ν − 4 > ν, then we have contradiction.
Besides, from the proof of Lemma 4 the following statement follows.
Lemma 5. After every n ≥ n T there is not a run of more than n − 5 trivial increments.
Lemma 6. Before every nontrivial increment of the magnitude t we have exactly t − 2 trivial increments.
Proof. Indeed, by the run of formulas (6.2), on every segment
we have exactly l j+1 − l j − 1 points of trivial increments and after that we obtain a nontrivial increment of the magnitude l j+1 − l j + 1.
9. Some arithmetical properties of points of the miner increments of sequence {ã(n)} Further we continue study sequence {ã(n)}.
Lemma 7.
If M i is an even point of miner increment, then M i is not multiple of 3.
Proof. We use induction. Since n m ≡ 1 (mod 3), then, by (8.2), p 0 > 3 and it is easy to see that M 1 is not multiple of 3. Indeed, in (8.2) it is sufficient to consider cases p 0 ≡ 1 (mod 3) and p 0 ≡ 2 (mod 3). Further, using (8.1), note that if the case M i ≡ 1 (mod 3) is valid, then the passage from M i to M i+1 is considered as the passage from n m to M 1 . If, finally, M i ≡ 2 (mod 3), then p i = 3, and again M i+1 is not multiple of 3. Lemma 8. If N i is an odd point of miner increment, then the congruence N i ≡ 5 (mod 6) is impossible.
Proof. Since, by (7.3), after every odd point of miner increment t immediately follows the even point t + 1 of miner increment, then we should have N i + 1 ≡ 0 (mod 6). This contradicts to Lemma 7. Lemma 9. If N i ≡ 4 mod 6 is a point of miner increment, then the magnitude of increment in point N i+1 is not less than 5.
Proof. Since from Lemmas 7-8 we have N i+1 − N i ≥ 3, then the lemma follows from Lemma 6.
Lemma 10. After every even point of miner increment N i of the form N i ≡ 2 (mod 6) follows the odd point N i + 1 of miner increment (of the form 6l+3).
Proof. Since N i − 5 ≡ 0 (mod 3), then by (7.3), in this case p i = 3 and point N i+1 = N i + 2p i − 5 = N i + 1 is the following increment.
Lemma 11. The magnitude ∆ of every miner increment either ∆ = 2 or ∆ ≥ 5. Moreover, in the second case the previous miner increment has the form 6m + 4.
Proof. From Lemmas 7,8 all points of miner increments have one of the form 6t + i, i = 1, 2, 3, 4. Besides, from (7.3) and Lemma 10 the miner increments ∆ = 2 occur after every points of miner increments of the form 6t + i, i = 1, 2, 3, while, by Lemma 9, after every point of miner increments of the form 6t + 4 we have a miner increment not less than 5.
Lemma 12. If Condition 1 satisfies then there are infinitely many points of miner increment of the form 6m + 4.
Proof. In view of Lemmas 4 and 11, it is sufficient to prove that the process (7.3) which contains only p = 2 is finite. Let N i be point of miner increment 2 such that all follow miner increments are 2. By Lemma 6, it is possible only if all points N i , N i +1, N i +2, ... are points of miner increments. Consider any even point N j ≡ 1 (mod 3), j ≥ i. Since N j − 3 and N j − 5 are not multiple by 2 or 3, then, by (7.3), N j+1 − N j > 1. This contradiction completes the proof.
A postulate and the infinity of twin primes
Let S be the set of those even N for which N − 3 is not the first of a pair of twin primes.
Denote p(N) (q(N)) the least prime divisor of N − 1 (N − 3). Denote A 1 (A 2 ) the set of those even N ∈ S for which p(N) < q(N) (p(N) > q(N)). Postulate 1. For every odd prime P, there exist even numbers N 1 = N 1 (P ) ∈ A 1 , N 2 = N 2 (P ) ∈ A 2 such that p(N 1 ) ≥ P, q(N 2 ) ≥ P and for the smallest such N 1 , N 2 we have max (N 1 , N 2 ) < (min(N 1 , N 2 )) 2 .
In connection of the postulate, let us write interesting sequences of the smallest N 1 , N 2 for P = 3, 5, 7, 11, ..., 47, ..., such that p(N 1 ) = q(N 2 ) = P : (N 1 (P )) : 10, 26, 50, 254, 170, 392, 362, 944, 842, 1892, 1370, 2420, 1850, 2210 Proof. Accepting Condition 1 (Section 8), we obtain a contradiction. Consider a prime P > N tw + 1. Using the postulate, consider minimal even numbers N
